Quantum logic gates using Stark shifted Raman transitions in a cavity 
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We present a scheme to realize the basic two-qubit logic gates such as quantum phase gate and 
controlled-NOT gate using a detuned optical cavity interacting with a three-level Raman system. 
We discuss the role of Stark shifts which are as important as the terms leading to two-photon 
transition. The operation of the proposed logic gates involves metastable states of the atom and 
hence is not affected by spontaneous emission. These ideas can be extended to produce multiparticle 
entanglement. 
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PACS numbers: 03.67.-a, 03.67.Lx 



I. INTRODUCTION 



The performance of a quantum computer relies on cer- 
tain universal one-qubit and two-qubit logic gates. Any 
quantum computation Q can be reduced to a sequence 
of these gates [2J, |3| . There have been a number of experi- 
mental systems proposed as candidates for implementing 
these logic gates and many of these have been imple- 
mented. We may mention trapped ions 13, cavity QED 
HH0, NMR quantum dots Hill, and neutral 

atoms in optical lattice 11] as examples. Some of the 
basic two-qubit logic gates are the conditional quantum 
phase gate (QPG) [l|, controlled-NOT (CNOT) gate 
which is a universal two qubit gate kJu|, SWAP gate etc. 
It should be mentioned that a ir shift of QPG and ap- 
propriate rotation of the second qubit realize the CNOT 
gate. 

The QPG can be performed using a three-level atom 
interacting with a detuned cavity. The two-photon tran- 
sitions are especially attractive in this case as then one 
can work with long-lived ground states of the atom. In 
such a situation the excited state does not participate in 
the transition and thus it is possible to minimize the ef- 
fect of decoherence associated with the finite lifetime of 
the excited state 0,^3- However, the two- photon tran- 
sitions have complications associated with Stark shifts of 
the energy levels. The Stark shifts are quite natural to 
any two-photon process as one considers single-photon 
transitions which are detuned from the intermediate lev- 
els. If one ignores Stark shifts, as is very often done, then 
the nature of the two-photon process becomes similar to 
the one-photon process and many of the results like Rabi 
oscillations carry over to two-photon processes. In this 
paper we consider a situation where a three-level atom 
in A configuration interacts with a bimodal cavity where 
the modes are highly detuned from the corresponding 
one-photon transition. We demonstrate the possibility 
of performing a number of logic operations (e.g., QPG, 
CNOT, SWAP) using two-photon Raman transition. We 
show this in spite of the non-zero Stark shifts in the Ra- 
man transitions. 

The structure of the paper is as follows. In Sec. II, we 
present the model system and its theoretical description. 
In Sec. Ill, we show how different two-qubit logic gate 




FIG. 1: Three-level atomic configuration with levels \g), \f), 
and |e) interacting with two orthogonal modes of the cavity, 
described by annihilation operators a and b. Here gi and 
#2 represent the atom-cavity coupling of the a and b modes 
with the corresponding transitions, Aj's (i G 1,2) are the 
respective one-photon detunings. 



operations can be performed using this model. In Sec. IV 
we discuss the role of Stark shift in quantum logic gate 
operations. 



II. MODEL 

Let us consider a three-level atomic configuration [Fig. 
HJ. The atom passes through a bimodal cavity. The 
modes with annihilation operators a and b interact with 
the |e) <-> \g) and |e) <-> \f) transitions, respectively. The 
Hamiltonian under rotating wave approximation can be 
written as 

H = h[uj eg \e){e\ +u>fg\f)(f\ +wia t a + w 2 6 t 6 

+ {gi\e)(g\a + g 2 \e}(f\b + h.c.}] (1) 

where, uig (I G e, /) is the atomic transition frequency, u>i 
(j e 1, 2) is the frequency of the cavity modes a and b, and 
gi is the atom-cavity coupling constant. We assume gi to 
be real. The interaction Hamiltonian in the interaction 
picture can be written as 

ff-n[. gi |e)( 5 | ae tAl *+. 92 | e )(/|^ A2 * + h.c.] , (2) 

where, Ai = to eg j — u>i (i G 1,2) is the one-photon de- 
tuning of the cavity modes. 
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If the initial number of photons in the a and b modes 
are n and fi, respectively, then the state vector of the 
atom-cavity system can be expanded in terms of the pos- 
sible basis states in the following way: 

\if>(t)) = ci| 5 )K n) + c 2 \e)\n - 1, n) + c 3 \f) \n -l,fi + l), 

where, Cj's (i £ 1, 2, 3) are the probability amplitudes for 
the corresponding states. The amplitude equations can 
be obtained from the Schrodinger equation as 

di = —igiy/nd 2 , 

d.2 = -i{giVndi + 92\JVTld 3 \ - zAid 2 , (4) 

dz = -«32VM + 1oJ 2 - i(Ai - A 2 )d 3 , 

where the following transformations have been used: 

ci -> di, c 2 e- iAl * -> d 2 , c 3 e- l(Al - A2)t -> da. 

We now work under the limit of large one-detunings. 
We assume that, g\ = g 2 = g, Ai^> g and (Ai — A 2 ) <C 
g. In this limit, we put d 2 « and the amplitude equa- 
tions |0J reduce to 

r 2 

di = 



if] 



Ai 

-i(Ai 



\fnd\ + vV + 1^3 



(5a) 



A 2 )d 3 



1 



Ai 



(5b i 



We note that the Eqs. © can be obtained from an ef- 
fective Hamiltonian given by 



H e fi = 



[|fl><ff|at t 

% 2 



l/X/l^h] 



Ai [| 3 >(/|at6+|/)(.g|a6t] 

+fc(A 1 -A 2 )|/)(/|. (6) 

Here the first two terms represent the Stark shifts and 
the next two terms give the interaction leading to a tran- 
sition from the initial state to the final state. The last 
term represents a shifting of the level |/) due to the two- 
photon detuning. From the Hamiltonian ©, one can 
easily see that the Stark shift terms are of the same or- 
der of magnitude (= Tig 1 /Ai) as the coupling term, and 
thus are as important as the coupling term and should 
be kept in further discussion. So one cannot ignore these 
Stark shift terms from the Hamiltonian. The solution of 
Eqs. © is 



di(t) 



+ 



fit 

COS(y) 



2iq 2 ,fit N , . , 
^sin( T )d 3 (0) 



-(Ar-A^sm^) 



d 3 (t) = e lvt/2 



.fit. i , . . . . .fit, 
cos(y) - ^(Ai - A 2 )sm(— ) 



2ig 2 .fit. , . , 



di(0) 
(7a) 

d 3 (0) 
(7b) 



where 



fi = 



2ff_ 
Ai 

Ai 



2\ 2 



+ (A X - 
(Ai-A 2 ) 



A 2 ) 2 



1/2 



(8) 



and we have considered n = 1 and /1 = 0. Under two- 
photon resonance condition Ai = A 2 = A, the solution 
reduces to 

di(t) = i[di(0) + d 3 (0)](e l9 -l)+di(0), (9a) 
= iMi(0) + d 3 (0)](e i9 -l)+d 3 (0) , (9b) 



where (9 = 2g 2 t/A. 

We note that, if we exclude Stark shift terms from the 
Hamiltonian ©, and work under two- photon resonance 
(i.e., Ai = A 2 = A) then the effective Hamiltonian re- 
duces to 

Ks = -^-(S-alb + S+atf), (10) 

where S + = \f)(g\ and S~ = \g)(f\ are the atomic 
two-photon creation and annihilation operators, respec- 
tively. The solution of the Schrodinger equations using 
this Hamiltonian is 

di(t) = cos(^\ di(0)+isinf^ d 3 (0) ,(lla) 
d 3 (t) = cos(^d 3 (0)+ism^Wo),(llb) 



which represents a Rabi Oscillation of the vector (di , d 3 



III. QUANTUM LOGIC GATE OPERATIONS 

In this section we will show how different kinds of 
two-qubit logic gates can be performed using the present 
model. 



A. QPG operation 

Let us first consider the solutions of Eqs. (J5J under the 
total effective Hamiltonian ijfjj (with Ai 7^ A 2 ), given by 
Eqs. Q. From these solutions one can easily see that, if 



A1-A2 



9 (Ax/5) ' 

then, for an interaction time t — T defined by 



(12) 



(13) 
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di(t) becomes —1 for the initial condition tfi(O) = 1. 
At this particular interaction time, one can perform the 
following QPG operation: 



(\g R ) = \0 a ,l b ) and \e R ) = |1„,0 6 )); 



\0 a )\0b,g) 
\0a)\0 b ,f) 

K)\h,g) 

\O a )\hJ) 



|0 a )|0 6 , 3 ), 
|0a)|0 6j /), 
|0,)|l6,5), 

-|0.)|l6,/), 



(14) 



which clearly involves the atomic ground state basis and 
the Fock state basis in b mode. It should be mentioned 
here that, we have verified the above analytical results by 
solving the Eqs. numerically for the amplitudes d^s 
also. The numerical results reveal that that the adiabatic 
approximation used in the present problem holds good. 

Note that, in the above QPG operation we have con- 
sidered Ai ^ A2. But if we work under the two-photon 
resonance condition (Ai = A2 = A), then the solutions 
of Eqs. (JSJ are given by Eqs. J9J. From these solutions 
one can easily notice that the time dependent amplitude 
of the initial state |0 o )|/, l b ) is now ( e 2l s 2T / A + l)/2 [see 
Eq. jntOL which never reaches (-1). Rather for a cer- 
tain choice of 2g 2 T / A(= vr/2), this becomes e i7r/4 /V2. 
This clearly shows that, the system no longer remains 
in that state (as obvious from the factor l/y/2). Tran- 
sition takes place to another basis state \l a )\g,0b)- In 
this way, working with the total effective Hamiltonian 
under two-photon resonance, one cannot perform phase 
gate operation. Thus in the present model, QPG can be 
performed successfully only by avoiding the two-photon 
resonance condition. 

We emphasize that the QPG operation discussed 
above involves the cavity mode b as well as the ground 
metastable states (\g) and |/)) of the atom, transition 
between which is dipole-for bidden. This is unlike the 
case in @, where the authors used two Rydberg states 
(states with very large quantum numbers) which are 
dipole-coupled. Thus, the QPG operation, discussed in 
the present paper is not affected by any kind of decoher- 
ence due to spontaneous emission of the atomic levels, 
though it is limited by the cavity life-time as all opera- 
tions like the storage of the photons after initial prepara- 
tion and detection of the photonic qubit are to be done 
within the cavity life-time. To realize the QPG against 
the cavity decay, one must has to meet the condition 
7rAiK/\/2g 2 < 1, which directly follows from the condi- 
tion T < k' 1 and Eq. (|13ll . where k is the cavity decay 
constant. A possible parameter zone to satisfy the aove 
condition is Ai = lOg and k = O.OI5. This, though chal- 
lenging for an optical cavity, can be expected to reach 
very soon. 

Note that if we consider a third atomic metastable 
state \k) which is an auxiliary state, it is possible to per- 
form the following QPG involving the atomic metastable 
states (\g) and \k)) and the two-mode photonic basis 



\V\9R) 
\k)\e R ) 

\9)\9r) 
\9)\e R ) 



\k)\g R ) , 

\k)\e R ) , 

\g)\gn) , 

-\g)\en) 



(15) 



at the time defined by l|13fl . We should mention here 
that there are several other schemes, which use non- 
interacting levels to perform logic gates in two-atom ba- 
sis. Our model is quite different from other schemes 
[l5l Il6l lri| . Note that we use a single atom interact- 
ing with a two-mode cavity unlike the cases cited above, 
which use two atoms interacting with a single-mode cav- 
ity. 



B. CNOT operation 

A CNOT gate can be implemented from a QPG, 
through a rotation of the second qubit before and after 
the QPG operation. We choose the atom as the second 
qubit in the present problem. By applying the Hadamard 
transformation on the atomic state, before and after the 
QPG operation Q14JI. we obtain the following CNOT op- 
eration: 



|0«>|0 l>fl ) 
|0«)|0 6 ,/) 

|0a)|l 6 ,5> 
\0a)\h,f) 



\0 a )\0 b ,g) , 

|0a)|0 h ,/) , 
|0a)|W) , 

\o a )\U,g) , 



(16) 



where C represents the CNOT operation here. Here the 
Hadamard transformation on the atomic qubit states \g) 
and I /) can be implemented by applying two resonant cw 
fields with equal Rabi frequencies in the respective tran- 
sitions of the atom. We identify the field qubit as control- 
ling qubit and the atomic qubit as the controlled qubit. 
We note that recently, DeMarco et al. have demonstrated 
a CNOT gate operation in a single trapped ion interact- 
ing with a single Raman pulse |lSj . 



C. SWAP gate operation 

In order to arrive at SWAP gate, we rewrite the Hamil- 
tonian JHJ as an interaction between the two "qubits" in 
the following way: 



H e ff = 



A! 



S~R+ - 2S Z R Z 



h(A 1 -A 2 )[S Z + - 



(17) 
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where, 



S+ = \f)(g\ , S- = \g)(f\ , S* = -(|/)(/| - \g)(g\) , 

R+ = a^b , R- = atf , R z = i(a f a - tfb) . (18) 

Here we identify a single photon in a two-mode cavity as 
an effective qubit with the two possible states |ej?) and 
\gpt). The field operator R acts like a spin-1/2 operator 
in this basis. We now assume that two-photon resonance 
condition is satisfied (Ai = A2 = A) so that the effective 
Hamiltonian reads as 



H, 



err : 



2% 2 



[S X R X + S y R y - S Z R Z + -] 



(19) 



where S x = {S+ + S~)/2 and S* = (S+ - S~)/2i. This 
signifies a spin-exchange interaction between two spin- 
1/2 particles. This kind of interaction is always respon- 
sible for swap operation. Defining the unitary operation 



U = cxp(—iH e gt/h) 

= exp[i6(S x R x + S y R y - S Z R Z 



:)], (20) 



where, 6 = 2g 2 t/A, a SWAP gate can be performed for 



\9)\9R) 
\9)\e R ) 
\f)\9R) 

l/>K> 



\g)\g R ) > 

-\f)\9R) , 

-\g)\ e R) , 

\f)\e R ). 



(21) 



D. 



Role of phases of the coupling constants in 
SWAP gate 



In all the above calculations, we have assumed that the 
field coupling constants 171 and gi are equal and in phase. 
However if they are not so, the general expression for the 
Hamiltonian [Eq. ©] under two-photon resonance would 
be 



H' = ~[\gi\ 3 \g){g\a^a+\g2 

+ gig*2\g){f\^b + g* l92 \f){g\atf] . 

Now if we impose the conditions 

1 51 1 = I02I = g, gi = -gi , 

then the above Hamiltonian can be written as 



(22) 
(23) 



H' = 



2% 2 

A 
2% 2 rc? 



[S X R X 
[S.R- 



S y R y + S Z R Z 



(24) 



instead of Eq. I|19|l . Then the corresponding unitary op- 
eration U' becomes 



U 1 = e- iH ' t / h = e X p 
= [1 + {e- w - \)P]e ie 



-in I S.R — - 

4 



(25) 



Here P = 3/4 + S.R is the projection operator with the 
eigenvalues ) and 1. The SWAP gate of Sec. IIII Cl can 
also be implemented using the above unitary operator 
for 6 = tt. It is also very interesting to note that not only 
for a particular phase relation between gi and 52, but 
for any arbitrary phase between them, the SWAP gate 
works in the following way: 



\9)\9r) 
\9)\e R ) 

\f)\g R ) 

\f)\e R ) 



\g)\g R ) , 

-e*\f)\9n) , 
-e- l %)\e R ) 

\f)\e R ) , 



(26) 



relation e 1 ^ = 



where (f> is defined through the 
gi92/\9i\-\9-A- 

We should emphasize that all these universal logic 
gates are the key resource in quantum computation. 
Our method and system can also be used to prepare 
two-particle and three-particle entangled states involving 
metastable states of the atoms. This can be done by se- 
quentially addressing the atoms by the two-mode cavity 
under two-photon resonance condition (cf. HHU). 



IV. ROLE OF STARK SHIFTS IN QUANTUM 
LOGIC OPERATIONS 

Next we investigate the role of the Stark shift term in 
performing the logic gates. Let us consider the Hamilto- 
nian (|10fl under two-photon resonance condition which 
excludes the Stark shift term. From the correspond- 
ing solutions of i|ll|) for the probability amplitudes, one 
can obtain the following QPG operation with a 27r-pulse 
(2 5 2 T/A = 2vr): 



|0 a >|06,fl> 

|0„)|0 6) /) 

|0a>|l6,fl> 
|0.)|W) 



|0a>|0 6 ,fl), 
|0a)|0 b ,/), 
|0a>|l6,5>, 

-K)\hJ). 



(27) 



But as soon as we keep the Stark shift term into the 
Hamiltonian [see Eq. JJjJ] and continue to work under 
the two-photon resonance condition, one cannot achieve 
phase gate operation. It should be borne in mind that 
one cannot ignore the Stark shift term as they are as 
important as the coupling term in the Hamiltonian. Our 
Sec. IIIA shows how to perform the QPG in spite of the 
Stark shift term. We used the extra freedom provided by 
two-photon detunings in our model. We should mention 
here that many authors have utilized an additional field 



5 



to cancel the unwanted Stark shifts 0, I22I |23| . We also 
note that in the context of other models, Stark shifts 
have been used for two-qubit logic 24] , the Deutsch- Jozsa 
algorithm |25| . and quantum holography [2rj|. 

Note that, recently, Solano et al. have reported a QPG 
operation based on the interaction of a three-level atom 
in ladder configuration and two modes of a cavity (each 
mode can have either zero or one photon). The cavity 
modes are hi ghly detuned from single photon transition 
(see Fig. 2, but are two-photon resonant. They 

have shown how excluding the self-energy terms in the 
effective Hamiltonian, one can perform a QPG opera- 
tion in photonic Hilbert space (|0, 0) — > |0, 0),|0, 1) — > 
|0,1),|1,0>-|1,0>,|1,1>--|1,1». 



Q bimodal optical cavity, with the cavity modes be- 
ing highly detuned from the corresponding single-photon 
transitions. We have shown how a variety of logic oper- 
ations can be performed using the ground states of the 
atoms. The decoherence associated due to spontaneous 
emission is thus negligible, though the quality of the cav- 
ity would lead some decoherence. We further empha- 
size that Stark shifts are systematically included in our 
case. Further the present system can be used to pre- 
pare bipartite and tripartite entangled states involving 
the metastable states of the atoms. 



V. CONCLUSIONS 



In conclusion, we have presented a system where a 
three-level atom in A-configuration interacts with a high- 
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